ビブン ドウソウ シャゾウグン ジョウノ リーマン キカ ト シテノ リュウタイ リキガク リュウタイ リキガク ニ オケル トポロジー ノ モンダイ by 中村, 英史
Title微分同相写像群上のリーマン幾何としての流体力学(流体力学におけるトポロジーの問題)
Author(s)中村, 英史




























$(, )$ , , $M$
: $X,$ $Y$ $(X(p), Y(p))$ $M$ $P$ $X$ $Y$ ,
$\nabla_{X}Y$ $X$ $Y$ $(X\cdot grad)Y$
$M$ $M$ $u_{t}$
$\frac{\partial u_{t}}{\partial t}+\nabla_{u_{t}}u_{t}=-gradp$ , $divu=0$ .
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Hodge ( $M$ Helmholts
) divergence free
$\frac{\partial u_{t}}{\partial t}+P[\nabla_{u\ell}u_{t}]=0$ , (1)
$P[$ $]$ divergence free Hodge
(1)




$x$ ( ) $t$ , $g_{t}$ : $Marrow M$
$M$ $0$ $t$
$g_{t}$ , flow $g_{t}$
$(divu=0)$ , $g_{t}$ $M$




(i) $f$ $g$ , $fg$ $fog,$ $i.e$ . $fog(x)=f(g(x))$ for $x\in M$
$e$ $M$ $f$ $f$ $f^{-1}$ (ii) $g$
$R_{g}f=fog$ (iii) $T_{\epsilon}\mathcal{D}_{v}$ $M$ divergence free
$[, ]_{*}$ $M$ $[, ]$ divergence
free divergence free ; $X,$ $Y$ $[X, Y]=[X, Y]_{*}$
$D_{v}$
(iv)
$T_{f}D_{v}$ $f$ divergence free $V$ , $i.e$ . $div[Vof^{-1}|=0$
$V_{f}\in T_{f}\mathcal{D}_{v}$ $g\in \mathcal{D}_{v}$ $V_{f}$ $g\in$ ThD
$Js$ (v) $0$ $x$
( ) flow $g_{t}$ $e$ $\mathcal{D}_{v}$
$t$ $x$ , $Js\dot{g}_{t}\in T_{9t}\mathcal{D}_{v}$ ,
$M$ $g_{t}(x)$ $M$ , $\dot{g}_{t}$ $g_{t}$
J’ ( ) $u_{t}(y)\in T_{y}M$ $\dot{g}_{t}$ $g_{\overline{t}}^{1}$
$T_{e}\mathcal{D}_{v}$ $u_{t}=\dot{g}_{t}og_{t^{-1}}$ (vi) $\mathcal{D}_{\tau}$ , $<$ , $>$
$\tilde{\nabla}$ $X,$ $Y\in T_{f}\mathcal{D}_{v}$
$<X,$ $Y>|_{f}= \int(X(x)\cdot Y(x))|_{f(x)}dx$ , (2)
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$dx$ $M$ $Q|_{f}$ $Q$ $f$
$<Xog,$ $Yog>|_{f}$ $9^{=<}X,$ $Y>|_{f}$ , for
$f,$ $g\in D_{v}$
$D_{v}$ $\tilde{X}^{R}(f)=$
$Xof,\tilde{Y}^{R}(f)=Yof$ for $f\in D_{v}$ where $X,$ $Y\in T_{c}\mathcal{D}_{v}$ $\nabla_{X^{R}}\tilde{Y}^{R}$
$\nabla_{\tilde{X}^{R}}\tilde{Y}^{R}|_{f}=P[\nabla_{X}Y]of$ , (3)
$M$ divergence free $X,$ $Y$ $\nabla_{X}Y$ dirvergence
free divergence free $P$
, $<,$ $>$ $[, ]$
2,8
$\mathcal{D}_{v}$
$g_{t}$ $\dot{g}_{t}=u_{t}og_{t}=u_{t}(g_{t})$ $\tilde{X}_{t}$ $g_{t}$
/’ $\tilde{X}_{t}$ $M$ J $X_{t}$ $g_{t}$
$\dot{\circ}$
$\tilde{X}_{t}=X_{t}og_{t}$ . $g_{t}$ $\tilde{X}_{t}$
$\tilde{\nabla}_{t}\tilde{X}_{t}=(\frac{\partial X_{t}}{\partial t}+P[\nabla_{u\iota}X_{t}])og_{t}$ (4)




$I= \int<\dot{g}_{i},\dot{g}_{t}>|_{g}$. $dt= \int dt\int(u_{t}(x)\cdot u_{t}(x))|_{x}dx$ ,
$g_{t}$
(5) (4) $\dot{g}_{t}=u_{t}^{*}og_{t}$
$\tilde{\nabla}_{\ell}\dot{g}_{t}=(\frac{\partial u_{t}}{\partial t}+P[\nabla_{u_{t}}u_{t}])og_{t}=0$ .
, $M$ (1)
$\mathcal{D}_{v}$ $\tilde{R}(X, Y)Z$
$\tilde{R}(X, Y)Z=-\tilde{\nabla}_{X}\nabla_{Y}Z+\nabla_{Y}\tilde{\nabla}_{X}Z+\tilde{\nabla}_{[X,Y]}.Z$ , (6)
$Js$




$X$ $Y$ $\sigma\subset T,\mathcal{D}_{v}$





$\alpha$ ( $X$ , Y)\equiv gradient part of $\nabla_{X}Y$
$\alpha(X, Y)=\alpha(Y,X)$ $\alpha$
$\tilde{k}(X, Y)$












2) $D_{v}$ $a_{f},$ $s.t$ . $a_{0}=e$
$g_{t^{l}}\equiv g_{t}oa_{\iota}$ $g_{t}$ (10)





$\frac{\partial W_{t}}{\partial t}=[W_{t},u_{t}]_{*}=P[\nabla_{W}.u_{t}]-P[\nabla_{u_{t}}W_{t}]$ (14)
\rangle $\dot{g}_{t}=u_{t}og_{t}$ . , $W_{t}$ $0$ $M$
a
( )
$\mathcal{D}_{v}$ divergence free ; $X,$ $Y$
$[X, Y]=$ [$X$ , Y] (14)
$\frac{\partial W_{t}}{\partial t}+\nabla_{u_{t}}W_{t}=\nabla_{W_{l}}u_{t}$ (15)
MHD induction equation , $u_{t}$ $W_{t}$
, $u_{t}$ $W_{t}$ $R^{3}$ ,
$\omega_{t}\equiv$ curl $u_{t}$ (15) $R^{2}$ $R^{3}$
passive scalar
$R^{2}$ $f$
$u_{t}$ passive scalar , $f$
$\frac{\partial f}{\partial t}+\nabla_{uc}f=0$ (16)
$W_{t}= grad^{\perp}f\equiv(\frac{\partial f}{\partial y}, -\frac{\partial f}{\partial x})$






(9) $<,$ $>$ $grad$ rot











, $<u,$ $W>$ $\Omega_{t}$
:
$T^{3}=R^{3}/(2\pi Z)^{3},$ $i.e$ . $x=\{(x_{1}, x_{2}, x_{3});mod 2\pi x\in R^{3}\}$
9 $e^{\{k\cdot x}$ $e_{k}$ $k=$




$(k\cdot u_{k})=0$ , $u_{-k}=u_{k}^{*}$ (20)
*
(20) $u_{k}e_{k},$ $v_{1}e_{1},$ $w_{m}e_{m},$ $z_{n}e_{n}$ ,
$<u_{k}e_{k},$ $v_{1}e_{1}>=(2\pi)^{3}(u_{k}\cdot v_{1})\delta_{0,k+1}$ ,
$\nabla_{u_{k^{\epsilon}k}}v_{1}e_{1}$
$\equiv$ $P[\nabla_{u_{k^{e}k}}v_{1}e_{1}]$
$=$ $i( u_{k}\cdot 1)\frac{k+1}{|k+1|}\cross(v_{1}\cross\frac{k+1}{|k+1|})e_{k+1}$ ,
$[u_{k}e_{k}, v_{1}e_{1}]_{*}=i((u_{k}\cdot 1)v_{1}-(v_{1}\cdot k)u_{k})e_{k+1}$ ,
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$\tilde{R}_{Idmn}=<\tilde{R}(u_{k}e_{k}, v_{1}e_{1})w_{m}e_{m},$ $z_{n}e_{n}>$





$k=(k_{1}, k_{2},0)$ , $u_{k}=i(k_{2}, -k_{1},0)$
$\wedge^{\backslash }Js$
$u$ curl $u=$
$\lambda u$ $\lambda\in R$ 1 : $U_{p}=u_{p}e_{p}+$
$u_{-p}e_{-p}$ $\lambda^{2}=|p|^{2}$ $U_{P}$
$X=\Sigma v_{1}e_{1}$ (16) ,
$<\tilde{R}(U_{p}, X)U_{p},$ $X>$







3 AB $Cflow^{7}$ :
$U_{ABC}=$ A $[(i,\ulcorner 1,0)e^{ix_{3}}+(-i, 1,0)e^{-ix_{3}}]$
$+B[(0,i, 1)e^{ix_{1}}+(0, -i, 1)e^{-1x_{1}}]$
$+C[(1,0,i)e^{ix_{2}}+(1,0, -i)e^{-ix_{2}}]$ ,
, $A,B,C$ $\in R$ $(A’, B’, C’)\neq(A, B, C)$ ABC flow $U_{A’B’C’}$
$<\tilde{R}(U_{ABC},U_{A’B’C’})U_{ABC},U_{A’B’C’}>$
$=-2(2\pi)^{3}$ {$(AB’-BA’)^{2}+(BC’$ –CB’)2 $+(CA’-AC’)^{2}$},
(12) $\tilde{K}(U_{ABC}, U_{A’B’C’})=-1/16\pi^{3}$
$(A, B, C)$ , $(A’, B’, C’)$
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